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AFFINE AND PROJECTIVE GEOMETRY

Affine Space.

1. In the affine space (R3,R3, ϕ) let us consider the map ϕ : R3 × R3 → R3

defined by:

ϕ((x1, x2, x3), (y1, y2, y3)) = (y1 − x1, y2 − x2, y3 − x3).

Prove that the set L = {(x1, x2, x3)/ x1 = 1, x2 = −1} of R3 is an
affine subspace. Determine the associated vector subspace, W(L) and
the dimension of L.

2. In the affine space (R3,R3, ϕ) with coordinate system R, let us consider
the set of points

{P0 = (2, 1,−1);P1 = (3, 2, 0), P2 = (3, 2,−1), P3 = (3, 1,−1)}.

Check that R = {P0;P1, P2, P3} is a coordinate system of R3 and find
the coordinates of the point X = (3, 5, 2) in R

3. In the affine space (A2, V2, ϕ) let us fix the coordinate systems R =
{O; {e1, e2}} andR′ = {O′; {v1, v2}} being OO′ = 3e1+3e2, v1 = 2e1−e2,
v2 = −e1 + 2e2.

(a) Determine the equations of the change of coordinates from R′ to R
and from R to R′.

(b) Knowing that the coordinates of the point P are (3, 5) with respect
to the coordinate system R, find its coordinates with respect to R′.

(c) If the coordinates of Q are (2, 3) with respect to R′, find its coor-
dinates with respect to the coordinate system R.

4. In the affine space (A2, V2, ϕ), let us consider two different points, O1 and
O2 of A2 and in V2 let us fix the basis B = {e1, e2}. At the same time
let us consider the following coordinate systems:

R1 = {O1;B1 = {e1, e2}} and R2 = {O2;B2 = {e1 + e2, e1 − e2}}.

Knowing that the coordinates of the vector O1O2 are (1, 1) with respect
to the basis B1, answer the following questions:

(a) Determine the equations of the change of coordinates from R2 to
R1 and from R1 to R2.

(b) Find the coordinates of O1 and O2 with respect to each one of the
coordinate systems.
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(c) Compute the value of a ∈ R so that the point P with coordinates
(a, 2) in the coordinate system R1 is aligned with O1 and O2. Find
the coordinates of P with respect to R2 as well.

5. Let us consider the coordinate system R = {O;B = {e1, e2, e3}} in the
affine space (A3, V3, ϕ).

(a) Check that the set of points R′ = {O;P1, P2, P3}, with coordinates
O(0, 0, 0), P1(1, 2, 0), P2(−1, 1, 0) and P3(0, 0, 1) inR is a coordinate
system.

(b) Find the equations of the change of coordinates from R′ to R and
from R to R′.

(c) Determine the coordinates of the point X ∈ A3 with respect to the
coordinate system R′, knowing that the coordinates of X in R are
(−1, 2, 1).

6. Let us consider the coordinate systems R = {O;B} and R′ = {O;B′ =
{v1, v2}} in the affine space (A2, V2, ϕ) where O′ has coordinates (2, 1)
with respect to R and v1, v2 have coordinates (1, 3) and (2, 4) in B re-
spectively. Obtain:

(a) The coordinates of O in R′.

(b) The coordinates in R′ of P whose coordinates are (3,−1) with re-
spect to R.

(c) The cartesian equation in R′ of the line r whose cartesian equation
is 2x1 − x2 = 1 in R.

7. In the affine space (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}}. Let R′ = {O′;B′

V = {e′1, e′2, e′3}} be the coor-
dinate system such that O′ has coordinates (−1, 0, 0) with respect to R
and e′1, e

′
2, e

′
3 have coordinates (1, 1, 0), (0,−1, 0), (0, 0,−1) respectively,

in BV .

(a) Determine the coordinates in R′ of the point P whose coordinates
are (1, 2,−1) in R.

(b) Determine the parametric equations in R′ of the plane π whose
cartesian equation is 2x1 − x2 + x3 + 2 = 0 in R.

(c) Given the line r ≡
{

2x1 + x2 = 0
x1 − 2x2 + x3 = 1

with respect to R. Determine the continuous form in R′.
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8. In the affine space (A2, V2, ϕ) let us fix the coordinate system R =
{O;B = {e1, e2}} and let us consider the point P with coordinates
(1,−1) in R and the vector subspace W of V2, with cartesian equation
2x1 − x2 = 0 with respect to B. Determine the parametric equations in
R of the affine subspace S with associated vector subspace W(S) = W
and containing P .

9. In the affine space (A3, V3, ϕ) let us consider the coordinate system
R = {O;B = {e1, e2, e3}}, the point P with coordinates (1, 2,−1) and
the vector subspace W = ⟨u1, u2⟩ of V3, where u1 and u2 are the vec-
tors with coordinates (1, 2,−1) and (2, 1, 1), respectively, in the basis B.
Determine the parametric and cartesian equations of the affine subspace
P + ⟨u1, u2⟩ with respect to R.

10. Let R = {O;B = {e1, e2}} be a coordinate system of A2 and let r and
s be the lines with cartesian equations x1 + x2 = 1, and x1 − x2 = 1
respectively, with respect to R. Find the coordinate system R′ of A2

in which the cartesian equations of r and s are: z2 = 0 and z1 = 0,
respectively.

11. In the affine space (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}}. Determine the relative position of the follow-
ing affine subspaces:

(a) The planes π1 ≡ x1 − x2 + x3 = 2 and π2 ≡ 2x1 − 2x2 + x3 = 1.

(b) The line r ≡
{

x1 + x2 + 2x3 = 1
2x2 − x3 = 1

, and the plane π ≡ x1−x2+x3 =

1.

(c) The lines r1 ≡
x1 − 1

2
= x2 + 1 =

x3

4
and r2 ≡

x1 − 3

2
=

x2 + 4

−1
=

x3 − 1

2
.

12. In the affine subspace (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}} and let us consider the line r ≡ x = p + λu or
OX = OP + λu where P has as coordinates (1, 0, 2) with respect to R
and u = 2e1 + 3e2 − e3. Determine:

(a) The general equation of the plane that belongs to the bundle of
planes that contains the line r.

(b) The cartesian equation of the plane that belongs to the above men-
tioned bundle, parallel to the line r = O + ⟨e1⟩ (r is the line that
contains the point O and has as associated vector subspace the one
generated by the vector e1).
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(c) The parametric equation of the plane γ that intersects with the line
s = O + ⟨e1⟩ at the point (1, 0, 0) being γ a plane that belongs to
the above mentioned bundle.

13. In the affine subspace (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}} and let us consider the lines

r ≡ x1 − 1

1
=

x2 + 2

−3
=

x3 − 3

2
, s ≡ x1 + 2

4
=

x2

−5
=

x3 − 1

4
.

(a) Check that r ∩ s ̸= ∅.
(b) Find the parametric equation of the plane which is generated by

the above mentioned lines.

14. In the affine space (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}} and let us consider the points P1, P2 and P3

with coordinates (1, 2, 3), (−1, 1, 2) and (0, 1,−3), with respect to R
respectively.

(a) Check that P1, P2 and P3 are not aligned.

(b) Determine the cartesian equation of the plane that contains these
three points.

(c) Obtain the intersection of the line P1OP2 with the line r = O+⟨e2⟩.
(d) Determine the cartesian equation of the plane which is parallel to

the line s = O + ⟨e1⟩ and contains P2.

15. In the affine space (A3, V3, ϕ) let us fix the coordinate system R =
{O;BV = {e1, e2, e3}} and let us consider the lines r1 = P1 + ⟨v1⟩,
r2 = P2 + ⟨v2⟩ where P1 and P2 have coordinates (1, 0, 1) and (1,−2, 2),
with respect to R, respectively; also let us consider vectors v1 and v2
with coordinates (1, 2, 0) and (−1, 2, 1) with respect to the basis BV ,
respectively.

(a) Determine the relative position of r1 and r2.

(b) Find the family of parallel lines with r1 that intersect with r2.

(c) Find the cartesian equation of the plane that contains r1 and inter-
sects with r2 at the point P2.

(d) Find the equation of the line that contains the pointO and intersects
with r1 and r2. Obtain the intersection points.

16. In the affine space (A3, V3, ϕ) let us fix the coordinate system R =

{O;BV = {e1, e2, e3}} and let us consider the line r ≡
{

−x1 + x3 = −4
2x2 − 4x3 = 6

.
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(a) Prove that r is contained in the plane π ≡ 2x1 + 3x2 − 8x3 = 17.

(b) Find the intersection of r with the line s which is contained in π
and in the plane γ = O + ⟨e1, e2⟩.


