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AFFINE AND PROJECTIVE GEOMETRY
Affine transformations.

1. Given the affine spaceA3 with coordinate system R = {O;B = {e1, e2, e3}},
determine:

(a) The matrix expression of the translation t1 given by the vector
u = e1 − e2.

(b) The matrix expression of the translation t2 verifying: given the
point P with coordinates (1, 1, 2) in R then t2(P ) = P2 where P2

has coordinates (3,−2, 1) in R.

(c) The matrix expression of the translation t = t1 ◦ t2 and the trans-
formed by t of the triangleMPQ whereM has coordinates (0, 1,−2)
and Q coordinates (3, 2,−2) in R.

(d) Prove that if t(M) = M ′, t(P ) = P ′ and t(Q) = Q′ then

area(MPQ) = area(M ′P ′Q′).

2. In the bidimensional affine space A2 referred to the coordinate system
R = {O;B = {e1, e2}}, let us consider the affine transformations f and
g, given by:

f

{
x′ = 2 + x
y′ = 1

3
y

g

{
x′ = x
y′ = 9 + 3y

.

(a) Obtain the matrix expression of f and g.

(b) Find the subspaces of fixed points of f and g.

(c) Obtain the matrix expression of g ◦ f .
(d) Classify the obtained transformation and find its invariant sub-

spaces.

3. Prove that the affine transformation f : R3 → R3 given by

f(x1, x2, x3) = (1 +
2

3
x1,−1 +

2

3
x2, 2 +

2

3
x3)

is an homothety. Find its center and its ratio.

4. Determine the equations of the affine transformation f : R3 → R3 that
verifies:

f(1, 4, 0) = (1, 0, 0), f(2, 3,−1) = (2, 1,−1),

f(4, 3,−2) = (0, 0, 1), f(3, 5,−1) = (0, 0, 1).
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5. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}},
let us consider the affine transformation f : R3 → R3. We know that

f maintains fixed the points of the line r ≡
{

2x− y + z = 1
−x+ y − 2z = 2

, and

that the vectors u = (−1, 0, 1) and v = (0, 1,−1) are eigenvectors with
eigenvalue −1, for the linear transformation associated to f . Obtain the
matrix expression of f in the given coordinate system.

6. Determine the equations of the affine transformation f : R3 → R3 that
transforms the points (0, 0, 0), (0, 1, 0), (1, 1, 1) and (1, 1, 4) into the
points (2, 0, 2), (2,−1, 1), (2, 1, 3) and (5, 7, 6), respectively. Answer the
following questions as well:

(a) Check that the point P0(1, 1, 4) belongs to the image of f .

(b) Compute the inverse image of P0.

(c) Find the invariant subspaces that contain P0 and f−1(P0).

7. The affine transformation f : R3 → R3 transforms the points (1, 0, 0),
(2,−1, 1), (2,−2, 3) and (3,−3, 5) into the points (1, 0, 0), (1, 0, 0), (1,−2, 0)
and (0, 0, 2), respectively. Answer the following questions:

(a) Find the image f(Π) of the plane Π that contains the points (1, 0, 1),
(0, 1, 0) and (1, 1,−1).

(b) Find the inverse image of the line

x1 + 1

−1
=

x2 − 6

4
=

x3 − 4

2
.

8. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}},
let us consider the affine transformation f : A3 → A3 with associated
linear transformation f̄ . We know that the points of the plane H ≡
x1 + x2 = 2 are fixed by f and that f̄(v) = 0 where (1, 2, 0) are the
coordinates of vector v in the basis B.

(a) Obtain the matrix expression of f in the given coordinate system.

(b) Obtain the invariant subspaces of f .

(c) Why is f a projection?

9. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}}
let us consider the homotheties hC

2 (with center C and ratio 2) and hC
−3

(with center C and ratio −3), where C has coordinates (1, 2, 3) in R.
Answer the following questions:
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(a) Find the matrix expression of the affine transformations hC
2 ◦ hC

−3

and hC
−3 ◦ hC

2 .

(b) Are the obtained affine transformations homotheties? In this case,
find the center and ratio.

10. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}}
let us consider the homotheties hC

k (with center C and ratio k) and hC′

k′

(with center C ′ and ratio k′), where C has coordinates (1, 1, 1), C ′ has
coordinates (2, 4, 0), k = 4 and k′ = 5. Answer the following questions:

(a) Find the matrix expression of the affine transformations hC
k ◦ hC′

k′

and hC′

k′ ◦ hC
k .

(b) Are the obtained affine transformations homotheties? In this case,
check that the center of the composition is aligned with C and C ′.

11. An affine transformation f : R3 → R3 transforms the origin in (3, 9,−6)
and its subspace of fixed points in the plane x1+x2+2x3+3 = 0. Obtain
its analytic expression of f .

12. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}}
let us consider the affine transformations t1 (translation of vector u =
e1 − 5e2 + 9e3)) and t2 (translation of vector v = 6e1 + 3e2 − 4e3)).

(a) Find the transformations t1 ◦ t2 and t2 ◦ t1.
(b) Study whether the obtained transformations are also translations.

In this case, find the vectors determining them and compare them
with u and v.

13. In the affine space A3 with coordinate system R = {O;B = {e1, e2, e3}}
let us consider the affine transformations tu (translation of vector u =
−2e1 + 2e2 + 7e3)) and hC

k (homothety with center C of coordinates
(1,−3, 2) and ratio k = 6). Find tu ◦ hC

k . Is the obtained transformation
a translation or is it an homothety?

14. Find and represent graphically the subspace of invariant points and the
invariant subspaces of the following affine transformations of R2 :

(a) Translation with vector u(2, 1
2
).

(b) Homothety of ratio 3 and center C(1,−1).


