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Abstract

We provide approximate algorithms to solve the approximate parametrization problem for
planar and spacial real algebraic curves. The solution we give to this problem is a global one,
under the requirement that the Hausdorff distance between input and output curves is finite.
A theoretical reasoning has also been developed to describe linear systems of curves whose
elements are solutions to the approximate problem for plane curves. Methods to estimate and
certify that the Hausdorff distance between the input and output curves is small (with respect
to tolerance) are also given.
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1 Introduction

This work frames in the research area of approximate algebraic geometry and approximate commu-
tative algebra [9]. Let us start explaining what is an approximate algorithm. A given mathematical
entity E appearing in the resolution of a practical problem is known (because of the nature of the
treated applied problem) to satisfy certain property P, that implies the existence of certain asso-
ciated objects E1, . . . , En. The goal is to compute E1, . . . , En but often in practical applications, we
receive a perturbation E ′ of E instead of E , where the property P does not hold anymore, neither
the associated objects Ei exist. Trying to recover the original unperturbed entity E is essentially
impossible. A more realistic approach is design an algorithm to determine a new object E ′′ near
E ′, satisfying P, as well as computing the associated objects E ′′

i to E ′′.

In particular, we provide algorithms to solve the approximate parametrization problem for curves:
Given the implicit equation of a non-rational real curve C and a tolerance ϵ > 0, decide whether
there exists a rational real curve C at finite small distance (i.e. small related to the tolerance ϵ) to
the input curve C and, in the affirmative case, compute a real rational parametrization of C.

The Hausdorff distance has proven to be an appropriate tool for measuring the resemblance
between two geometric objects, becoming in consequence a widely used tool in fields as computer
aided design, pattern matching and pattern recognition ([1], [6]). We require that the Hausdorff
distance between C and C is finite and small related to a given tolerance ϵ. A main difficulty when
working with the Hausdorff distance is that, if not both sets are bounded, the distance between
them can be infinity. Most of the papers deal with bounded real algebraic curves or with parts
of the curves framed into a box [2], [3], [4], [5], [14], and do not face the unbounded case. We,
in our papers [7], [11], do not restrict to the bounded case and we provide algorithms to derive
one solution for the approximate parametrization problem. Furthermore, in the paper [12] we
describe a linear system of curves being solutions of the approximate parametrization problem for



a given plane curve C. In addition, we show that every Hausdorff curve can always be parametrized
approximately. If this set is known, one can approach the problem of choosing the best answer, in
the linear system, for the particular application from where the input curve comes from.

When dealing with approximate problems, the first phase is the development of a theoretical
reasoning that yields an algorithm and, the second is to provide an analysis of the Hausdorff
distance between input and output in terms of a given tolerance. In [7], [11], [10] and [13],
we provide theoretical bounds for the Hausdorff distance of the input and output curves of our
approximate algorithms, together with methods to estimate such bounds.
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