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1 Introduction

We can think of a curve as a connected one-dimensional series of points.
Sometimes all points in a curve lie in a plane. These curves are called planar
curves, in contrast to spatial curves that are not contained in a plane. We
study geometrical concepts for planar and spatial curves. Let us start with
two different analytical approaches to describing curves.

2 Representation of a curve

2.1 Parametric representation

We could consider a curve as the trace left in the space by a point that
is moving. Hence the coordinates of a generic point P of the curve C' are
functions

= ZL’(t), Yy = y(t)v Z = Z(t)a
called coordinate functions, where t is assuming all the values in an interval
I C R; that is, every value of the parameter is mapped to a point P € C.
The map

— 5 RS

I )
) = (2@),y(1),2(1)),

is called a parametric representation or parametrization of C'. In the fol-
lowing examples we see how a curve can be given by different parametric
representations.

=L

=y

Examples

1. Straight line. A straight line containing a point of coordinates (ay, as, a3)
with director vector (v, v, v3) is given by the following parametric rep-
resentation:

7(t) = (a1 + tvy, ag + tvg, as + tvs) ,

where a;, v; are constants and at least one v; # 0.

2. Clrcle. The circle is the set of all points in a plane that are at a given
distance from a given point, the centre.



Let consider the circle C' with radius r, center at the point of the
coordinates (ag, az,0) and contained in the plane z = 0. A parametric
representation for C' is given by

—

7(t) = (a1 + rcosa, as + rsina,0), a € [0,27),

where « is the angle formed by the point P = 7(0), the origin of the
coordinate O and the generic point X = 7(t) of the circle.

Another parametric representation for C' is:
7(t) = (a1 + rcos2a, ay+rsin2a,0), a € [0,7),

where we go over the circle at double speed.

Remark. As the functions in the previous parametrization of the circle
are trigonometric functions the parametrization said to be trigonomet-
ric.

By solving the cartesian equation of the circle of radio r and center
(a1, az), that is, ((t) — a1)’+(y(t) —az)? = 2, for z we obtain y = ay+

2

2 . . . .
r2 — (x — a1)”. Hence, we can consider the following parametrization

of the circle,

(z) = (x, as + /1% — (x—a1)2,0> , T € ag — a1 + 7).

Remark. The previous parametrization is said to be urrational as its
coordinates functions are irrational. The parametrization is said to be
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rational (resp. polynomial) if it depends on rational (resp. polynomial)
functions.

Less well-known is the parameterization of the circle by rational func-
tions. For simplicity, let consider the unit circle in R? of center the
origin of coordinates. The line through the point of coordinates (0, 1)
with slope m is given by y = 1+ ma. This line intersects the unit circle
in one other point P and as we vary m we strike every point on the
unit circle. The coordinates (z,y) of P satisfy both ? + y* = 1 and
y = 1+ max so we have

{x2+(1+m1’)2:1

. {x2(1+m2)+2mx:0
y=1+mz

y=1+mz

. x = 1;272"‘2 orx =0
y=m(z +1)
Therefore P = ( =20 1””2) or P = (0,1) and every point on the unit

1+m? 7 14+m?

circle is of the form < —2m 1’7”2) and

T+m?2’ 14m?
~ —2m 1 —m?
r(m) = <1+m271+m2)7m€R7

is a rational parametrization of the circle.

. Circular heliz. Let consider the curve contained in a circular cylinder,
for example the cylinder 2% +y? = r? such that when x and y get again
their initial values, z has increased 27wb. Here’s an illustration for the
circular helix:



A parametric representation of the circular helix is given by
7(t) = (rcost, rsint, bt), t € [0,2km), with k£ € N.

The parameter ¢ is a measure of the angle that forms the x axis with the
straight line that joins the point O with the projection of the generic
point P € C' with the plane xy.

2.1.1 Allowable change of parameter

Definition. We say that a function ¢t = t(s), s € J C R, is an allowable
change of parameter if it verifies the following conditions:

1. t =1t(s) is a differentiable function of class 3,

2. t'(s) #0,Vs € J.

Example The function ¢(f) = tan g, VS (—g, %), is an allowable change
of parameter for any regular parametric representation 7(t), t € I C R, of
a curve C' because the function ¢(f) = tan g is a function of class 3 in the

interval J = (—57 5) and, moreover,

dt 1 0 T

(0 = ——g =1 (1+tan?S) £0,v0e (-2, 7).

d9(> 2 cos?® & 2( tan 2)7'é ’ 272
2.1.2 Regular parametric representation.

Definition. The tangent vector of a curve C' with parametrization 7(t) =
(x(t),y(t),z(t)), t € I CR, at a point P = 7(ty) is the vector

mit) = (1), ' (1), (1)) -

Definition. The map 7(t) = (x(t), y(t), 2(t)), t € I C R is a regular paramet-
ric representation of a curve C' if the following conditions hold:

1. Im7=C,
2. 7 is a differentiable application of class C?,

3. The tangent vector to the curve at any point P € C' is never zero; that
is,
F'(t) = (2'(t), 9/ (t), 2 (t)) # 0 for every t € 1.



Definition. Let C be a curve with parametric representation 7(t) = (x(t), y(t), 2(t)),
tel CR.

e A point P = 7(ty) € C is said to be singular if 7'(ty) = 0. If 7'(ty) # 0
otherwise it is said to be reqular.

e A point P = 7(ty) € C is said to be a double point if there are t,t5 € I,
tl 7é tg, so that F(tl) = F(tQ) = P.

Examples

1. The polynomial parametrization 7(t) = (¢2,¢3,1) define a planar curve
(contained in the plane z = 1). As 7 is a polyonimal parametrization
it is differentiable of class C'*°.

We have: 7'(t) = (2t,3t2,0). Being 7 '(0) = 0 the point P = #(0) =
(0,0,1) is a singular point of the curve. The other point of the curves
are regular points because 7'(t) # 0 if ¢t # 0.

2. The parametrization 7(t) = (cos3 t, sin®t, 0), t € [0,27), define a
planar curve (contained in the plane z = 0). As 7 is a trigonometric
parametrization it is differentiable of class C'*°.



We have: 7 '(t) = (—3cos?tsint, 3sin®tcost, 0). Hence 7 '(t) =
(0,0,0) < sint = 0 or cost = 0; that is, if t = 0,7/2, 7,37 /2. Thus,
the points

T 0), r(m/2) = (0,1,0),
r(r) =(-1,0,0), 7(3wx/2)=(0,—1,0),

are singular points.

2.2 Implicit representation

A curve C can also be considered as the intersection of two surfaces. Hence, if
F(z,y,2z) =0 and G(z,y, 2) = 0 are the respective equations of two surfaces
then the coordinates (z,y, z) of a generic point P of the curve C' must satisfy
both equations: F(z,y,z) = 0 and G(z,y, z) = 0. The equations F(x,y, z) =
0, G(x,y,z) = 0 are called cartesian or implicit equations of the curve.

Examples

1. Straight line. A straight line can be consider as the intersection of
two planes. For example the straight line with parametrization 7(t) =
(a1 + tvy, ag + tve, az +tvz), t € R can be seen as the intersection of
the planes 71, mo with equations:

T —a Yy—a Tr—m Z — as

_ 2 _
™ = = s and o = =
U1 V2 U1 U3




2. Circle.

A circle can be seen as the intersection of a sphere and a plane. For
example, the unit cicle in the plane z = 0 ca be seen as the intersecction
of the sphere of equation 2% + y? 4+ 22 = a? and the plane z = 0..
It can also be seen as the intersection of the paraboloid of equation
22 4+ 3% — 2 = a® with the plane of equation z = 0 or as the intersection
of the cylinder 22 + y? = a? and the plane z = 0.

3. Viviani’s curve. This curve is defined as the intersection of the hemi-
sphere with a cylinder whose axis is parallel to a diameter of the sphere.

For example, let us consider the hemisphere with center the origin of
coordinates and radius 2 and the cylinder with axis the straight line
x = 0,y = 0 and basis the circle with center Z(1,0,0) and radius 1.
Hence the Viviani’s curve is the set of points satisfying

2+ y*+22=4, 2 >0, (implicit equation of the hemisphere),
(r — 1)> +y? =1, (implicit equation of the cylinder).

See the illustration bellow for a Viviani’s curve:

N

)

We are going to find a parametric representation of this curve. The
circle (z — 1)> + y?> = 1 in z = 0 can be parameterized as follow:

x(t) =1+ cost, y(t) =sint, z(t) =0,



with ¢ € [0,27). By substituting the values for = and y in the hemi-
sphere equation we obtain:

P44+ =4 =

[ A

(14 cost)® + (sint)? + 22 =4

14 2cost +cos’t +sint 4+ 22 =4
2?2 =2 — 2cost

2> =2—2(cos’ L —sin 1)
2> =2 (cos® L +sin*L) — 2cos® L + 2sin’
2% = 4sin® §
z=2sint as z > 0.

2
2

Note that for values of ¢ € [0, 27), sin £ is always positive or null. Thus,
one parametrization of the Viviani’s curve is:

7(t) = (1 + cost, sint, 2sin}),¢ € [0,27).
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3 The length of a curve

The first and simplest geometrical quantity associated with a curve is its
length.

Definition. Let C' be a curve with regular parametric representation 7(t) =
(x(t),y(t), 2(t)), t € I. Then the length of C over the interval I = (a,b) is
given by

length[7] = /|| )| du.

Remark. Let & be a reparametrization of 7. Then
length[r] = length[dl].

That is the lenght of ac urve does not depend on the parametrization used
to compute it.

Definition. Fix a number a < ¢ < b. The arc length function s of a curve C
with regular parametric representation 7: (a,b) — R? starting at c is defined

by
/|| W)||du, where ¢ € (a,b).

Remark. Note that
s'(t) = ||7'()]] #0, Vt € I,

as 7(t) is a regular parametric representation. Therefore the arc length is an
allowable change of parameter. As s '(t) # 0, ¥Vt € I,the Inverse Function
Theorem implies that t — s(¢) has an inverse s — t(s) and that

Now define @ by a(s) = 7(t(s)). We have

and therefore

—_

H’t e a t(s
7 ( H I’

1@ ()l = || =

Hence the unit-speed curves are said to be pammetmzed by arc length or they
have a natural parametric representation.

11



Examples

1. Let C' be the curve with parametric representation:
7(t) = (%ﬁsin(t), Ly Vgcos(t)), Yt e [0,2m).

we have,

2

=l
—
~
N—
I
/N
ol
o
o
PN
~
N—
vl

2 sin(t)) VY teo,2m),

and

)+ (£) + (2 m00)

%052 + 3 + 1 sin?(¢)

=~

Py

~

~

I
"Q«

Therefore t is the arc parameter and 7 is the natural or arc-length
representation.

2. Let C be the curve with parametric representation:
7(t) = (acos(t), asin(t), bt), Vte [0,+00),
with a? + b # 0. We have:
7'(t) = (—asin(t), acos(t), b), Vte [0,+00),

and

7@ = yJa2sind(t) + o cos?(t) + b2
- VET P,

thus, the arc length is given by the function:
/ 17 ()| ds = / V& Pdu = VT I,
that is a linear application. We have,
s'(t)=vVa2+ 1> #£0,
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that is an allowable change of parameter. We have:

ts) = 7o

and the natural parametric representation of C' is the following:

7t(s)) = (acos (i) - asin (i) - b))
where the arc parameter s takes values in the interval [0, +00).

. Let C be the curve intersection of the following surfaces:

S; = Y¥+(z-1>2=1,
Sg = 9:+y2:1

A parametric representation of C' is:
7(t) = (1 — sin®(t),sin(t), 1 + cos(t)), with ¢ € [0,27).

In the picture below you can see the plot of the curve:

We have

7' (t) = (—2sin(t) cos(t), cos(t), — sin(t)), V t € [0, 27),

13



and

|7 (t)]] = (—2sin(t)cos(t )) + cos®(t) + sin’(t)
4sin®(t) cos®(t) +
sin?(2t) + 1.

As ||7'(t)|| # 0 for every ¢ the parametrization 7 is regular but it is not
the natural parametrization as ||7'(t)|| # 1, for some ¢ € [0,27). The
arc parameter function is given by the following expression:

t
:/ \/sin?(2u) + 1du.
0

The inverse function of s(t), which is needed to find the unit-speed
parametrization, is too complicated to be of much use.

. Let C be a curve with parametric representation:
7(t) = ((t + ) cos(t), —(t + m)sin(t), % + 7t + %2> , t€[—2m,2n].
Hence

7'(t) = (cos(t) — (t + ) sin(t), —sin(t) — (¢t + 7) cos(t), 2t + ),
and ||7/(t)||* = 1 + 5t% + 67t + 27%. Thus, ||77'(¢)]| = 0 if and only if

—om T — iy
1456+ 67t + 277 = 0=t = —2VIT AT g p
as 36m° —20(27* +1) = —4n® —20 < 0.

Hence the parametrization is regular but it is not the natural para-
metization as ||77/(t)|| # 1 for some t € [-27,27]. The arc parameter
function is given by the following expression:

t t
s(t)—/ |7 (w)||du = V1 + 5u2 + 67u + 2r2du.

—27 —27

The inverse function of s(t), which is needed to find the unit-speed
parametrization, is an elliptic function that is too complicated to be of
much use.

14



4 Local study of unit-speed curves

We first define the curvature and torsion of a unit-speed curve in R3, as the
defienition are more straightforward in this case. The case of arbitrary-speed
curves in R? will be considered in the next section.

Therefore during this section 7: I — R3 will be a natural (or unit-speed)
parametrization of a curve C' C R3.

4.1 Curvature of unit-speed curves

Definition. The function x: I — R defined as

is called the curvature of r.

Intuitively, curvature measures the failure of a curve to be a straight line.
In fact, a straight line is characterized by the fact that its curvature vanishes
at every value of the parameter s.
Geometrical interpretation of the curvature. The curvature measures the
variation of the angle between the respective tangent lines of neighboring
points of the curve. Let 0(s) the angle between the tangent line to C' at the
point 7(sp) and the the tangent line to C' at the point 7(s). We have:

.. 0(s .. 0(s)
0(s) SH;(SZQ) — lim 2sin (2
2

Ss— S0

) 9 )
lim 26 — lim
|5750‘ $—3S0 |

s— S0

S—S0 S—S0
\ \ |2

and taking into account the equality

17"(s) — 7 '(s0)]| = 25in 22,
we have: o
. 2 sin ; o HFI(S)*F/(SO)H . o
51—>50 [s—so| S].l_)l’ilo [s—so0] - HT (SO)H

Definition. The vector field t(s) = 7(s) is called the unit tangent vector field
of the curve C' with natural parametrization 7. Note that the unit tangent
vector field satisfies ||¢(s)|| = 1

15



Remark Let #(s) be the unit tangent vector field of a curve C, then 0 =
t(s) -t ’(s) as differentiating the equation t(s) - t(s) = 1 we obtain 0 =
(ts) - ts)) = 2t '(s) - H{s).

We now restrict ourselves to unit-speed curves whose curvature is strictly
positive (that is, x(s) > 0). Hence, the vector field ¢ '(s) = # ”(s) never
vanishes. Let us define the principal normal vector field and the binormal
vector field.

Definition. The principal normal vector field is the unitary vector field 7i(s)
is the unitary vector field in the direcction of the curvature vector field; that

is,

ni(s) = (1)

As t'(s) = 7 "(s) and k(s) = ||7 "(s)||. The binormal vector field b(s) is
unitary vector field orthogonal to the tangent vector and to the principal

normal vector; thas is, .
b(s) = t(s) NTi(s). (2)

4.2 Frenet frame field

Definition. The triple (£(s),7(s), b(s)) is called the Frenet frame field of the
natural parametrization 7(s) of a curve C' € R3. The Frenet frame field gives
us an orthogonal mowving frame along the curve.

The Frenet frame at a given point of a space curve is illustrated in the
figure bellow

16



4.3 Torsion of unit-speed curves

In order to measure the separation of the curve from the plane containing
the point P = 7(s) and with characteristic vector b(s) we study the variation
of the binormal vector field.

By differentiating the binormal vector field b( ) = t(s) A7i(s) we have:

V(s)=1"(s) Afi(s) +i(s) A7 (s).

Let us compute 7i'(s). By differentiating the identity 7i(s) - 7i(s) = 1, we
obtain 7i(s) - 7'(s) = 0 and we can conclude that 7i’(s) is orthogonal to 7i(s).
Therefore (s) is a linear combination of #(s) and b(s); that is, there exist
functions p(s), 7(s) such that

i (s) = p(s)i(s) + 7(5)b(s)- (3)

By differentiating the identity 7i(s) - #(s) = 0 we have:
0 = (7ls)-(s))
= il(s) - ts)

/

(s) - £'(s)

i(s)
T($)B(s)) - ils) + ils) - w(s)ii(s)

_|_

Therefore u(s) = —r(s) and hence (s) = —r(s)t(s) + 7(s)b(s). By substi-
tuting 7' (s) and £ /(s) = k(s)7(s) into the expresion of V/(s) we have:

V(s) = f’(s)/\ﬁ(s)—i—t(s)/\ﬁ’(s)

= —7(s)7(s).
Finally, taking into account 7i(s) - 7i(s) = 1 we obtain

b(s) - 7i(s) = —7(s).

Definition. The function defined as follows

7(s) = —b'(s) - 7i(s).

is called torsion or second curvature of the curve 7(s) the function 7(s) and
it measures the variation of the binormal vector field.

17



4.4 Frenet-Serret formulas

Let 7: I — R? be a natural (or unit-speed) parametrization of a curve C' C
R3 with curvature x(s) and torsion 7(s). The vectors of the Frenet frame

(f(s),ﬁ(s),g(s)) at any point P = 7(s) of the curve, satisfy the following
equations:

t(s) = r(s)ii(s),
w'(s) = —r(s)t(s) +7(8)b(s),
b'(s) = —7(s)7(s),

called the Frenet-Serret formulas. The Frenet-Serret formulas are a system
of ordinary differential equations for the vectors i(s), 7i(s) and b(s). Taking
into account the theorem of existence and uniqueness of solutions of initial
value problem for a system of ordinary differential equations we have the
following result:

Theorem. Given two functions k,7: I € R — R of class C! with x(s) >
0, Vs € I, there exists a unique curve 7(s) up to transformations by the
Euclidean group, such that (s) is the curvature function of 7(s) and 7(s) is
its torsion function of 7(s).

The above result tells us that the curvature and torsion functions; that
is, k(s) and 7(s), determine the curve up to position at the space. For this
reason, the equations k = k(s) and 7 = 7(s) are called intrinsic equations of
the curve.

4.4.1 Examples

1. Let C be a curve with parametric representation 7(s), s € I. Let check
by using the Frenet-Serret formulas that the following conditions are
equivalent:

(a) The curve 7(s) is a plane curve;
(b) 7(s) =0 for every s € I.

—

Note that when both conditions hold, the binormal vector field b(s) is
perpendicular tio the plane containing the curve 7(s).

The condition that a curve 7(s) lie in a plane II can be expressed
analytically as

(7(s) = P)-¢=0

18



where P is a point in the plane and ¢ is an unitary vector orthogonal
to II. By differentiating the above equation we have:

7'(s)-¢=0and 7"(s)-¢=0.

Thus both #(s) and 7i(s) are orthogonal to . Since b(s) is also ortho-
gonal to £(s) and 7i(s), it follows that

b(s) =7
Therefore b/ (s) = 0 and from the third Frenet-Serret formula we deduce
7(s) = 0.
Conversely, suppose 7(s) = 0, for every s € I. Then the third Frenet-
Serret formula V'(s) = —7(s)7i(s) implies b'(s) = 0 for every s € I,
therefore b(s) = b is a constant vector field. Let consider sy € I and
the function

f(s) = ((s) = 7(s0)) - b
As f(so) = 0 and f'(s) = 7(s)-b = 0, we have f = 0; that is,
(7(s) — 7(s0)) - b = 0 and therefore the curve is contained in the plane
orthogonal to b containing the point 7(so).

. Let C be a circular helix with parametrization
7(t) = (acos(t), asin(t), bt), t € [0,4+00),

where the radio a > 0 and b is the ncline of the helix.
As
7'(t) = (—asin(t), acos(t), b),

then ||7/(t)|| = va? + b2. The helix is one of the few curves for which
a natural parametrization is easy to find. A natural parametrization of
the circular helix is

—

as) = (acos T oSl =, b\/a2s+b2>’ t €10, +00).

Let us compute the tangent, normal and binormal vector fields and the
curvature and torsion functions of the helix. We have:

COS —=2

g = I a : s a b
t (S> = (S) - ( NZZ R ) S VaZ+b2’ /a2+b2 TR \/a2+b2>

1 : s s
e ( A SN ==, 4.COS s, b),

19



and
—// s

-1 (= 5 _  _gasi
a(s) = 2 ( 4.COS ==, —a SN ==s, 0) .
As a > 0, we have

/{(S) = ||5£H (S) || = azibQ’
and

a’ (s)

16" (s) Il

S 7 S
(— COS =3y — SN s, O) .

n(s) =

By the formula b (s) = & (s) A 7 (s), we obtain

1 J k
7 _ a : s a s b
b (S) = VaZ b2 Sin VaZ+b2  JaZib? CO8S Va2tb2  Ja21b?
_ S al S
COS s sin =
1 J k
o 1 _ 1 S S
o Sin =5 4.COS 57 b
— COS —=2 — sin —=2 0
A /a2+b2 A /a2+b2
_ 1 : s o s
= Jo (b sin ———, bcos T a) :

Finally, as

b/ — _b s : s
b (S) T a2+4b2 <C0S Va2+b2?’ sim Va2+b2? 0)

by comparing the expression for b (s) with the expression for 77 (s) and
by using the third Frenet-Serret formula: b'(s) = —7(s)7(s) we deduce:

7(s) = =

Remark. Both the curvature function and the torsion function of a
helix are constant.

20



4.4.2 Computaion of the torsion function.

The torsion function of a curve with natural parametrization 7(s) can be
computed as follows:

_ [(s), 7 (), 7" (s)]

17" ()2

From the third Frenet-Serret formula we have: 7(s) = —b/(s) - 7i(s).
By substituting

b(s) = (t(s) Ai(s) )
t'(s) Aii(s) + t(s) ATT(s)

into the above equations for the torsion and taking into account the expres-
sions for ¢(s) and 7i(s) we obtain

7(s) = —b'(s)-7i(s)
= (

N BAONA W40
o r <S) A ( K(s) K(s)

— L (F(s) AF(s)) - ()
_ [T "(s), " (8)]
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5 Local study of arbitrary-speed curves

For efficient computations of the curvature and torsion functions of an arbitrary-
speed curve, we need formulas that avoid finding a natural parametrization
explicitly.

Theorem. Let C be a curve with arbitrary regular parametric representation
7: I C R — R3 and nonzero curvature. Then

!

) = o

bt) = @
ii(t) = b(t) At(t),
) -
) - B

Proof. Let @ be the natural parametrization of C. We have: 7(t) = a(s(t))
and therefore

|
FUt) = d(s(1)s' (1) + ' (s(1))s" (1),
FIOYAT"() = a'(s(t)s'(t) A (@ (s(2)s'(t)* + ' (s(1))s" (1))
s'(t)°a (s(t)) A " (s(t))
= S (t)*k(s(t))E(t) A7)
= |7/ (1)|Pr(s(£)b(),
7@ AT @I = [IF'OIPk(s(t),

1

therefore we obtain the expressions for #(t), b(t) and r(s(t)). Moreover,
taking

() = a"(s(8)s' (1) + 3" (s(t))s'(t)s" () + &' (s(2))s" (1),
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and the expression of the vector 7/(t) A 7" (t) into account, we have:

> >
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~—~
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—~
~
S—
\/
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\/
w
QL
N
A
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\_/
SN—
V2]
~
—~
~
N—
V2)
I
YamnS
~
SN—
{
<
—
—
~
N—
N—
w»
~
=
—~
~
S—
N—"

7 " @)AF ()]
[EHOIR

= 7(sO)IF) AT,

and therefore

5.0.3 Examples

1. Let C be a curve with parametric representation:
m(t) = (t, —t*, 1+1°), te0,+o0).

Let us find the elements of the Frenet frame, the curvature and the
torsion at a generic point of the curve and at the point P of coordinates
(0,0,1). We have:

7(t) = (1, —2t, 3t%), te€]0,+o0).

As [|7(t)|| = V1 + 412 4+ 9t* # 1, the parameter ¢ is not the arc para-

meter. Taking the derivative of the parametric representation we obatin

7"(t) (0, =2, 6t),
7"t = (0,0, 6)
F'E)AF"(t) = (=613, —6t, —2),
|

(—
= V/36t4 + 36t2 +4
2Vt + 9¢2 + 1.
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Y — F,(t) _ 1 2
t(t) - RO \/1+4t2+9t4(17 _2t, 3t ),
P . FIMAT) 1 9
b(t) —  IF AT )] T 2\/1+9t2+9t4(_6t , —6t, —2),
) Jj k
i) = )N = sarer e | | or 3t
—6t2 —6t —2
— 1 1 3 _ 4 B 3
o V149t249t% \/1+4t2+9t4 (2t + 9t 3 1 gt 5 ?)t 6t )
The curvature and the torsion are given by
k() = LOAT O 2/0RE0P4T
[ /(t)H3 (1+4t2+9t4)3/27
1 —2t 3t
N M O R O O] 1
m(t) = 7 /(WAF 7(OI2 — 36t1+3612+4 0 _02 66t

—12 _ -3
36t4+36t2+4 9t44+9t2 41"

As P = 7(0), the tangent vector, the binormal vector and the normal
vector at P are:

and x(0) =2, 7(0) = —3.
. Let C be a curve with parametric representation:
7(t) = (e’ cos(t), e'sin(t), €'), t€[0,+00).

Let us find the elements of the Frenet frame, the curvature and the
torsion at a generic point of the curve. In the figure bellow we have the

plot of the curve:
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By differentiating 7(t) we obtain:
(¢! (cos(t) —sin(t)), e (sin(t) + cos(t)), €'),
= (—2¢'sin(t), 2¢' cos(t), €),
( 2¢’ (sin(t) + cos(t)), 2¢' (cos(t) —sin(t)), e'),

FIE)AT"(t) = e (sin(t) — cos(t), —cos(t) — sin(t), 2),
[7'(t), 7" (), 7" (t)] = 2™,
Thus
w(t) = I /@n ol _ Ve V2
IO T e(3)32 3t
and ot .
N GO MU ORI )
7(t) = 17 /OAF "DIF T Gedt 3t
From .
3—/|] Hdu—/e“\/gdu:\/g(et—l),
0
we obtain

t _ s
(& —75—}-]_,

and therefore the intrinsic equations are

i(s) = B 7(s) = L3
(5) 3(s+v3)’ (5)
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6 Lines and planes determined by the Frenet
frame field

Review. The parametric equation of a line containing a point P of coordinates
(a,b,c) and with director vector ¢ of coordinates (vy, v, v3) is the following:

. z(A) =a+ Ay
7(A) = OP + M\ <= < y(\) =b+ Avg, where A € R.
2(A) = ¢+ s,

The cartesian equation of a plane II containing a point P of coordin-
ates (a,b,c) and with characteristic vector ¥ of coordinates (vy,ve, v3) is the
following:

—
X € II«<=PX -7=0
= (r—ay—bz—c) (v1,v3,v3) =0
— (x—a)vyy+ (y —b)va+ (2 — ¢)vs = 0.

The parametric equation of a plane II containing a point P of coordinates
(a,b,c) and generated by the vector @ = (u1, ug,u3) and @ = (wy, wy, w3) is
the following:

. x(A) = a + suy + twy,
7(s,t) = OP + s+t <= ¢ y(\) = b+ sug + twy, where s,t € R.
2(A) = ¢+ sug + tws,

Equivalently, a point X belongs to the plane II if and only if P—>X is a linear
combination of the vectors ¥ and w. Then if (x,y, z) are the coordinates of
the point X they mush verify the following equation:

r—a y—b z—c

0= U1 Us Uus
w1 Wa w3
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6.1 Tangent line and normal plane

Definition The tangent line to a curve C' at the point P is the straight line
that has the same tangent vector at P as the curve C'. We say that the
tangent line has order of contact 1 with the curve C' at the point P.

Thus, the tangent line to the curve C' with tangent vector £ = (vy, va, v3)
at the point P = (a, b, ¢) has the following parametrization: 7(\) = OP+ M,
this is,

() = a+ vy
y(A) = b+ Avg, with A € R.
z2(A) = ¢+ Avs,

Definition The normal plane to a curve C' at a point P is the orthogonal
plane to the tangent line that contains the point P.

Let II be the normal plane of the curve C' with tangent vector ¢ =
(t1,t2,t3) at the point P = (a,b,c). A point X belongs to the normal plane
if it verifies the following vectorial equation:

—
PX - -t=0

That is, if (z,y, z) are the coordinates of the point X, the implicit equations
of the plane is:
(x —a)ty + (y —b)ta+ (z — c)t3 = 0.
The following plot represents the tangent line and the normal plane of the
curve with parametrization 7(¢) = (1 — sin?(¢), sin(¢), 1 + cos(t)), t € [0, 27),
at the point P = (7 /4).
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6.2 Principal normal line and osculating plane. Oscu-
lating circle.

Definition. The principal normal line to a curve C' at a point P is the straight
line that passes through the point P and whose direction vector is the normal
vector to the curve at P. Thus the normal line to the curve C' with normal
vector 77 = (nq,n2,n3) at the point P = (a,b,c) has the following natural

—
parametrization: #(\) = OP + Aii, this is,

z(A) =a+ Iy
y(A) = b+ Ang, with A € R.
z(A) = ¢+ Ans,

Definition. The osculating plane to the curve C at a point P is the plane
that contains the tangent and normal lines to the curve at the point P.

Let C be the curve with tangent vector ¢ = (ty,t,, t3) and normal vector
1 = (ny,n2,n3) at the point P = (a,b, ¢). A point X belongs to the osculating
plane if and only if PX is a linear combination of the vectors £ and 7. Then
the coordinates (x,y, z) of X verify the following equation:

r—a y—>b z—c
0= tl t2 t?»
ny n2 n3

Definition. We call osculating circle of the curve C' at a point P € C' the
circle contained in the osculating plane of the curve C' at P whose center,
called center of the curvature, lies on the normal line and whose radius is
R(so) = 1/k(so). See the picture bellow.

—~

20—

28



The osculating circle has order of contact two with the curve at a point
P € () this means that it has the same tangent vector and the same curvature
than the curve at the point P.

The center Z of the osculating circle at the point P = d(sg) satisfies the
following equation:

— =
OZ = OP + R(so)7i(so),

and the equations of the osculating circle is:
e
1ZX]] = R(s0).

6.2.1 Example.

The evolute of a curve is the locus of centers of curvature. Let us compute
the evolute of the parabola contained in the plane z = 0, of equation y = %xQ.
A parametrization of the parabola is 7(t) = (¢, 3¢%,0). By differentiating /(¢)
we obtain:

7'(t)=(1,t,0), 7"()=(0,1,0), 7' (t)A7"(t)=(0,0,1),

thus,

and the radius of curvature is given by the function:

R(t) = 0P (14 2)¥2,

P @A @l

Thus, the locus of centers of curvature of the curve has the following para-
metrization:

Bt =

7(t) + R(t)n(t)
= (£52.0) + (1+ )Y s (—1,1,0)
= (t,32,0) + (1 + %) (—t,1,0)
= (=t 1+3¢%0).

Note that the components of B(t) satisfy y =1 — %m2/3 and z = 0.
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6.3 Binormal line and rectifying plane. Torsion.

Definition. The binormal line to the curve C' at the point P is the line
containing the point P and whose direction vector is the binormal vector to
C at P. Thus the binormal line to the curve C' with binormal vector b =
(b1, b, b3) at the point P = (a, b, ¢) has the following natural parametrization:

— =

7(A) = OP + Ab, this is,
l’()\) =a+ )\bl
y(A) = b+ Abs, with A € R.
Z()\) =c+ )\b3,

The following picture represents the tangent, normal and binormal lines
of the curve with parametrization 7(t) = (1 — sin?(¢), sin(¢), 1 + cos(t)), t €
0,27), at the point P = 7(7/4):

Definition. The rectifying plane of the curve C' at the point P = (a,b,c) is
the plane containing the tangent and binormal lines to the curve at the point
P. Thus the rectifying plane has the following vectorial equation:

—_—
PX =0« (x—a)n1 +(y—0b)na+ (2 —¢c)n3g =0.

Remark. If 7(s) = 0, Vs, then ¥'(s) = 0, the binormal vector is constant and
the curve C' is contained in the osculating plane. Therefore, C' is a plane
curve.

Proposition. Let C be a curve of class O3, then

C is plane if and only if the torsion is zero.
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6.4 Examples

1. Let C be a curve with parametrization 7(t) = (acos(t), asin(t), b),
t € [0,2r) and a # 0,1. Let us compute the tangent, normal and
binormal lines and de tangent, osculating and rectifying planes at a
generic point X, € C' and at the point P = (0, a, b).

(a) By differentiating 7(¢) we obtain

7'(t) = (—asin(t), acos(t), 0),
7"(t) = (—acos(t), —asin(t), 0)
and therefore ||7'(t)|| = a and
i) = H?/Eg\\ = (—sin(t), cos(t), 0),
i ik
P AF"(t) = | —asin(t) acos(t) 0 |=(0,0,a%)
—acos(t) —asin(t) 0
> 7 OAF ()
b(t) = fFrmaran = (0.0.1),
. i ik
ii(t) = b(t) At(t) =| —sin(t) cos(t) 0 | = (cos(t),sin(t)).
0 0 1

- —

Remark. Note that the Frenet frame (t(t), n(t), b(t)) is a positive-

oriented frame as

—sin(t) —sin(t) 0
cos(t) sin(t) 0 |=1>0.
0 0 1
Remark. Note that as l;(t) is constant vector the curve is plane and
it is contained at the osculating plane. A point X is at the osculat-
ing plane at a generic point Xy = 7(tg) = (acos(ty), asin(ty), b)
if and only if m . g(t) = 0. Hence the equation of the osculating
plane at X is:

(x —acos(ty), y — asin(ty), z—15b)-(0,0,1) =0 <= 2z =10.
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At P = (0,a,b) = 7(%5) we have:

t(5) = (=sin(3), cos(3), 0) = (~1,0,0),
i(3) = (cos(3),sin(3),0) = (0,1,0),
b(3) = (0,0,1).

(b) The tangent line at an arbitrary point Xy = 7(t¢) is the following:

m(A) = (to) + At(to)
= (acos(ty), asin(ty), b) + A (—sin(ty), cos(ty), 0)
(acos(ty) — Asin(tg), asin(ty) + Acos(to), b).

The principal normal line at an arbitrary point Xy = 7(t¢) is the
following:

m(A) = T(to) + Ai(to)

(acos(ty), asin(ty), b) + A(cos(ty), sin(to), 0)
(acos(tg) + Acos(to), asin(tg) + Asin(tg), b)
= ((a+ A)cos(ty), (a+ A)sin(ty), b).

The binormal line at an arbitrary point X, = 7(t) is the following:

(A = 7(to) + Ab(to)
= (acos(ty), asin(ty), b) + A(0,0,1)
= (acos(tg) — Asin(tg), asin(ty) + Acos(ty), b).

The tangent, normal and binormal lines at P = 7(7) are given by
the following parametric equations:

7(A) = (acos(})— Asin(%), asin(3) 4+ Acos(3), b) = (=X, a, b),
Tm(A) = ((a+A)cos(F), (a+ A)sin(3), b) = (0, a+ A, b),
m(A) = (acos(§) — Asin(F), asin(3) + Acos(3), b) = (A, a, b).

(c) A point X is at the normal plane at Xy = 7(to) = (a cos(to), asin(ty), b)
—_—
if and only if X¢X - ¢(ty) = 0. Hence, the equation of the normal
plane is:

(x —acos(ty), y — asin(ty), z —0b) - (—sin(ty), cos(tg), 0) =0
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that is,
— (2 — acos(tp)) sin(to) + (y — asin(ty)) cos(ty) = 0.

A point X is at the rectifying plane at X, = 7(to) if and only if
—_—
XoX - 7i(tg) = 0. Hence the equation of the rectifying plane is:

(x — acos(ty), y — asin(ty), z — b) - (cos(to), sin(ty), 0) =0
that is,
(z — acos(ty)) cos(to) + (y — asin(ty)) sin(ty) = 0.

And the equation of the osculating plane at Xg is z = b.

The normal, rectifying and osculating planes at P = (%) are
given by the following implicit equations:

I, = —(x—a)=0,
I, = y=0,
I, = z2=%

2. Viviani’s curve. Let C' be the curve with parametrization:
7(t) = (1 + cost, sint, 2sinl), te0,2m).

Let us compute the tangent, normal and binormal lines and de tangent,
osculating and rectifying planes at the point P = (0,0, 2).

(a) By differentiating 7(¢) we obtain
/(t> = (_ Sin<t>’ COS( )7 COS( )

F’I(t) — (—COS(t), —SlH(t) _%S (%))

and therefore || /()| = /1 + cos?(£). We have: P = (), as
1+cost =0, sint =0 and 2sin = 2 if and only if ¢t = 7. We
have

r'(m) = (0, —1, 0),

F”(ﬂ-) = (17 0, _%)7
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and therefore

f{m) = g =0 -1, 0),
ik
Flm)AF"(m) = |0 =1 0 |=(3,0,1),
1 0 -1
7 o 7 (AT (r) 1 1 _ (1 2
b(m) = A = (.0,1) («570’ «S)
3Tl
i j ok
ji(r) = b(m) Af(m)=| 0 —1 0 :<_%,OWA§),
w0 %

The tangent line at P = 7(7) is the following:

() + At ()
(0,0,2) + A(0,—1
(0,=X,2).

70)

The principal normal line at P = 7() is the following:

n(A)

() + Ari(m)

The binormal line at P = 7(7) is the following:

5(A)

A point X is at the

i
PX -t(m) = 0. Hence,

(z,

that is, I, =y = 0.

(1) + Ab(m)
(002)+)\<%0%)
- ( 0,24 A2 )

normal plane at P =

7(m) if and only if
the equation of the normal plane is:

y, z—2)-(0,—1,0) =0
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A point X is at the rectifying plane at P = 7(7) if and only if
—
PX -7i(m) = 0. Hence the equation of the rectifying plane is:

(x, y,z—2)-(—\%,0,\%)=0
that is,
I =-21r+(2-2)==0 20+2=2
=70 v =2

A point X is at the osculating plane at P = 7(x) if and only if
—_— =
PX - b(m) = 0. Hence the equation of the osculating plane is:

(z, vy, 2_2).<\/L5’07\/lg) =0

that is,

L=rr+(:-2)F=0=a+2=4

V5

35



7 Notables curves

7.1 Some planar curves
7.1.1 Cycloids

The cycloid is the curve traced by a point on the rim of a circular wheel as
the wheel rolls along a straight line without slippage. Find the singular point
of the cycloid with parametrization:

7(A) = (A—sinA, 1 —cosA), AeR.

7(t) = (aA —asin A, a —acosA), Xe€R.
7(t) = (aA —bsin A, a —bcosA), AER.

Prolate cycloid a < b

Curtate cycloid a > b
Epicicloide
Hipocicloide

7.1.2 Espirales
7.1.3 The Catenary

7.2 Helixes or curves of constant slope

Definition. The helizes or curves of constant slope are defined by the property
that the tangent forms a constant angle with a fixed vector @ € R3.

Proposition. The constancy of ;8 where 7(s) is the torsion function and

k(s) is the curvature function for a curve is equivalent to the constancy of
the angle between the curve and a fixed vector.

Lancret theorem (1802). A curve with regular parametric representation 7(t),

t € I C R, is an helix if and only the ratio % is constant Vt € I.

Proof. Let a: J C R — R? be a natural parametric representation of an
helix whose tangent forms a constant angle 6 with a vector @ € R3, ||d]| = 1;

that is,
t(s) - @ = cos .
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By taking the derivative in the previous equation we obtain
t'(s)-d+t(s) i =7i(s)- i =0.

Thus, the vector 4 is orthogonal to 7i(s) and can be written as a combination
of the vectors t(s) and b(s); that is,

@ = art(s) + asb(s), with a? + a2 = 1.

Let assume a; = cosa and as = sina. By taking the derivative of the
equation 7i(s) - @ = 0 and by using the second Frenet-Serret formulas ,we
obtain

—

= (—r(s)i(s) + 7(s)b(s)) - (t(s) cos @ + b(s) sin @)
)s

Therefore,

™) cosa
Reciprocally, if a regular curve satisfies the condition:

28 =a € R,

then we can find an angle 6 such that: a = tanf. Taking into account the
Frenet-Serret formulas we have:

t:’(s) = a7(s)7(s) = tan 07 (s)7ri(s),

b(s) = —71(s)n(s).

Therefore by differentiating the vector @(s) = (s) cos + b(s) sin 6 and sub-
stituting the previous formulas we obtain
@(s) = (t(s)cosO + b(s)sinb)
= {'(s)cosO+b(s)sinf
= 7(s) (tanfcosf — sinf)7i(s)

e

—

Then the vector u(s) is constant and satisfies 4 - t(s) = cosf. Therefore the
curve is an helix.
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7.2.1 Example

Find that the curve with parametrization
7(t) = (tcost, tsint,t), t€|0,2m),

is contained in a cone. Find the curvature and the torsion at the point that
corresponds to vertex of the cone.

7.2.2 Circular helix

The circular helixes are a special case of a class or curves called helizes.
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7.2.3 Conic helix
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